
 

Example 7.6
iii Comute farcsinxdx C I excl

farcsinxdx xarcsinx fxdai.es in x
Now

x daresinx f dx
fl X 2

f I idk 2xdx

If ft III

therefore

arcsinxdx xarcsinx fl xT
Another method to compute fxdaresinx is

to do the substitution t arcsinx

fx daresinx fsintdt cost

fl sin2t Vl
we have cost 0 as Est EI

Iv Let t to be a real parameter Applying
partial integration twice we obtain

Jet sina.dx tetxs.in x fetcosxdx



fettsinx t.ee cosx fafetxsiuxdx

Solving for fettsinxdx we obtain

Jet'sinxdx ft tsin x cosx

Example 77

Using partial integration one can often derive
recursion formulas for integrals depending
on an integer number
i Consider for m 1 the integral

Im IdeIt x 7h
Partial integration gives

yndx ftp.m fxdf

Iqnt2mfcfIfy dx
fTEnt2mfdExn 2 left

2mIm Gm 1 Im t

qn



As I arctanx one can deduce from
this all In for m 1 In particular
one obtains

Jedi I arctanx 2

which one can verify by differentiating
the right hand side

ii Consider now the integrals
In f sink dx

Partial integration gives fam 2

Im f sium x dcosx

cos Simm x f m i cos x sin 2 d
cos sin x m i f l sin 4 sinned
cos x sin x un Im Cm 1 In

solving this equation for Im gives
Im mL cos x sin x 1 In

As Io f sinox dx x I sinxdx cos



one can this way compute all Im recursively
Iii Now let us look at the following
definite integral

72
Am fsinmx dx

0

We have Ao E A L and

Am MII Ain s for m 2

One obtains
Azn 2h 1 2h 3 3 I

2h 2h 2 4.2 I
Am 2h 2h 2 4.2

2h 11 2h 1 5 3

one direct application of this is Wallis product
representation for it
Proposition 7.13

I II EYE
Proofi
As sink 2x E sink x E sink x for XE Lo I
we have Azn 12 E Aarti E A 2h



As Lisa ASTLE fines 22
we also have fins AIT l

On the other hand we know from
Example 7.7 iii

Aarti 2h 24 4.2 2
Intl 24 1 3.3 I

II
Taking the limit n as gives the clainz
Remark 7.4
Wallis product is not well suited for practical
computations of it as it converges rather

slowly For example

III 441 I 57040

which compared with the exact value

Is I 5707963

is still imprecise



Proposition 7.14 Riemann's Jemma

Let fi la b R be a continuously
differentiable function For ke R let

FCK fabfix sinkxdx

Then lim
Iki os

FCK O

Proof
For k 0 we obtain through partial integration

F k fed cos lab fabf'G cos Kx Dx

As f and f ane continuous on a b3 there

exists a constant M o sit

If I EM and If G Is M fa xe la b

From this we obtain

1FCK l E 21 t Moffat
from which the claim follows a

Note The Riemann Lemma is also valid
if f is only R integrable leave as exercic



Example 7.8
As an example of Prop 714 we show

y
single for o ex c 2T

Proofi
As cosktdt sinkkt and

II cos Kt sizsiytyty.lt I

we obtain

f sint sina.IM dt tix

Prop 7.14 then gives for
Fu x i It sinfutI Tdt Coaxer

that figgsFuld 0 From this the claim

follows A

Note
If we insert x E into this formula we get

o f I Ist f I Ig Ht



Proposition 7 15 Trapeze rule

Let f lo i R be a twice continuously

differentiable function Then

If dx f flatfeet R

where the remainder R is

R I foXu Df x dx Fsf T

for some E lo I

Proof
Let 46 E INI x We have 44 7 12 x and

44 7 1 Partially integrating twice gives
R foundf G dx 467fm o ceyxIf4x7dx

4 lx flx7Iotfo4 Cx7flx7dx
LaffColtfHl fffkddx

On the other hand one can apply the
mean value theorem as 46 o K x e lo B
and obtains for some 3 E lo B



D Joux f G dx f t 6Hdx fzf 3
a

Remark 7.5
The name trapeze rule is due to the fact
that the expression f fco fat for positive f
describes the area of a trapeze with
vertices 6,0 fl o CoifCol and liftya

fat F

X

A

O

One also sees from the above figure why
the remainder If 3 is accompanied by
a minus sign for a convex functionCf so
the area of the trapeze is bigger than

the integral area under the curve



Corollary 7 I
Let f la b R be twice continuously
differentiable function and

K i sup If 671 Ix e la b's
Let us I be a natural number and h tea
Then we have

fabfaddx If Catt Efflatuh If b h R

with IRIS Fa b a h

Proofi
Changing variables one obtains

dx hzffcatrhi f.cat cut ik

Ef 3
Perform substitution x thx in Prop 7.15

fkddx fohfchxtdx hzffcoltfcuD Y.fi 3 ha

with 7 c fat uh at Wtnh Summation over
then gives the claim a



Remark 7.6

If takes u as the error R goes to 0

This is due to the factor h in the

remainder term The precision is four
times accurate if the number of divisionpoints is doubled

Example 7.9
i Use the trapezoidal rule to approximate
the integral Dx

We choose h 5 a l b 2

h C2 O 2

Thus the trapezoid rule gives

f dx 0221fci 12fti 2 2ftI 4 2ft 6

2f I 8 t fat
0.1ft i Est's
0.695635

The exact result is

dx lux l ln 2 0.693147



Ii The continuous function fCx e is

R integrable over each interval la b

but the indefinite integral is not known
We evaluate here the integral flex'd
using the trapezoidal rule
Choose 4 10 a O b l h to O I

Thus ex'd hz flo afcon 12ft 2 t

2floes fci
1.460393


